Preliminaries
In order to keep the paper reasonably self-contained, we summarize in this section the basic facts on partial * -algebras and on their topological structure. Further details and proofs may be found in [1] or in the monograph [4] .
A partial * -algebra is a complex vector space A, endowed with an involution x → x * (i.e., a bijection such that x * * = x) and a partial multiplication defined by a set Γ ⊂ A × A (a binary relation) such that (i) (x, y) ∈ Γ implies (y * ,x * ) ∈ Γ; (ii) (x, y 1 ),(x, y 2 ) ∈ Γ implies (x,λy 1 + μy 2 ) ∈ Γ, for all λ,μ ∈ C; (iii) for any (x, y) ∈ Γ, there is defined a product x · y ∈ A, which is distributive with respect to the addition and satisfies the relation (x · y) * = y * · x * . We will assume the partial * -algebra A contains a unit e, that is, e * = e, (e,x) ∈ Γ, for all x ∈ A, and e · x = x · e = x, for all x ∈ A. (If A has no unit, it may always be embedded into a larger partial * -algebra with unit, in the standard fashion [5] .) Given the defining set Γ, spaces of multipliers are defined in the obvious way: (x, y) ∈ Γ ⇐⇒ x ∈ L(y) or x is a left multiplier of y ⇐⇒ y ∈ R(x) or y is a right multiplier of x. 
Jean-Pierre Antoine et al. 3 and, of course, the involution exchanges the two:
Clearly, all these multiplier spaces are vector subspaces of A, containing e. The partial * -algebra is abelian if L(x) = R(x), for all x ∈ A, and then x · y = y · x, for all x ∈ L(y). In that case, we write simply for the multiplier spaces L(x) = R(x) ≡ M(x), LN = RN ≡ MN(N ⊂ A).
Notice that the partial multiplication is not required to be associative (and often it is not). A partial * -algebra A is said to be associative if the following condition holds for any x, y,z ∈ A: whenever x ∈ L(y), y ∈ L(z), and x · y ∈ L(z), then y · z ∈ R(x) and
This condition is rather strong and rarely realized in practice. A weaker notion is sometimes useful, however. A partial * -algebra A is said to be semi-associative if y ∈ R(x) implies y · z ∈ R(x) for every z ∈ RA and then (2.4) holds. Of course, if the partial * -algebra A is semi-associative, both RA and LA are algebras. From here on, we will write simply xy for the product x · y.
We recall some basic definitions on * -representations of partial * -algebras. We refer to [2, 4] for details.
Let Ᏼ be a complex Hilbert space and Ᏸ a dense subspace of Ᏼ. We denote by ᏸ † (Ᏸ, Ᏼ) the set of all (closable) linear operators X such that Ᏸ(X) = Ᏸ, Ᏸ(X * ) ⊇ Ᏸ. The set ᏸ † (Ᏸ,Ᏼ) is a partial * -algebra with respect to the following operations: the usual sum X 1 + X 2 , the scalar multiplication λX, the involution X → X † = X * Ᏸ, and the (weak) partial multiplication X 1 X 2 = X 1 † * X 2 , defined whenever X 2 is a weak right multiplier of 
A partial * -algebra A is said to be a normed partial * -algebra [6] if it carries a norm · such that (i) the involution x → x * is isometric: The possibility of performing a GNS construction starting from certain noneverywhere defined sesquilinear forms, called biweights, on a given partial * -algebra A, has been extensively studied in [3, 4] . Here we introduce the class of representable forms. They constitute, in a sense, the largest family of positive sesquilinear forms for which a GNS construction is possible. Of course, every biweight is representable.
Let ϕ be a positive sesquilinear form on Ᏸ(ϕ) × Ᏸ(ϕ), where Ᏸ(ϕ) is a subspace of A. Then, we have
We put
By (3.2), we have 4) and so N ϕ is a subspace of Ᏸ(ϕ) and the quotient space
} is a pre-Hilbert space with respect to the inner product λ ϕ (x) | λ ϕ (y) = ϕ(x, y), x, y ∈ Ᏸ(ϕ). We denote by Ᏼ ϕ the Hilbert space obtained by completion of Ᏸ(ϕ)/N ϕ . The construction of an * -representation starting from a positive sesquilinear form ϕ on A makes use of certain subspaces of RA, called pre-cores and cores. The notion of core for ϕ was introduced in [3] .
We denote by ᏽ ϕ the set of all pre-cores for ϕ and with Ꮾ ϕ the set of all cores B(ϕ) for ϕ. 
Remark 3.5. The following question is natural: if B(ϕ) is a precore and ϕ is representable, is B(ϕ) necessarily a core for ϕ? The answer is, in general, negative. Indeed, let X be a bounded selfadjoint operator in Hilbert space Ᏼ such that X 2 is not a complex multiple of X. Then, the subspace ᏹ of Ꮾ(Ᏼ) generated by X may be viewed as a partial * -algebra: two elements αX, βX, α,β ∈ C, can be multiplied if and only if either α = 0 or β = 0. In this case Rᏹ = {0}. The restriction to ᏹ × ᏹ of any sesquilinear form ϕ on Ꮾ(Ᏼ) × Ꮾ(Ᏼ) such that ϕ(X,X) > 0 is obviously representable (π ϕ can be taken as the identity map of Ꮾ(Ᏼ ϕ )). The null subspace is clearly a precore but it is not a core. Now we give, for the sake of completeness, a sketch of the GNS construction for a biweight. The corresponding statement was proven in [3, 4] .
Let ϕ be a biweight on A with a core B(ϕ). We put
Then it follows from (3.2) and Definition 3. 
From the GNS construction outlined above, the following holds.
Proposition 3.6. Every biweight ϕ on A is representable.
Let A 1 , A 2 be partial * -algebras, ϕ a representable form on A 2 with domain Ᏸ(ϕ) and precore B(ϕ) and let Φ be an * -homomorphism of A 1 into A 2 . We put
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Then ϕ Φ is a positive sesquilinear form on
is a precore for ϕ Φ . Indeed, the conditions of Definition 3.1 are satisfied.
As for conditions (iii) and (iv) in Definition 3.1, we have, for every a ∈ A and x, y ∈ B(ϕ Φ ),
where we have used the fact that if ab is well defined, so is Φ(a)Φ(b).
Proposition 3.7. Let A 1 , A 2 be partial * -algebras, ϕ a representable form on A 2 with domain Ᏸ(ϕ) and precore B(ϕ) and let Φ be a surjective
Proof. Let λ ϕΦ (Ᏸ(ϕ Φ )) and Ᏼ ϕΦ be as before. Then we define a map Φ :
This map is well defined. Indeed, if λ ϕΦ (x) = 0, then ϕ Φ (x,x) = 0, which implies succes-
Thus Φ is isometric. Since Φ is surjective, Φ is also surjective and so it extends to a unitary operator, denoted by the same symbol, from Ᏼ ϕΦ onto Ᏼ ϕ . Since ϕ is representable, there
This proves the statement.
Given a representable form ϕ, there is nothing in our previous discussion that prevents the possibility that the * -representation π ϕ is trivial, since the precore B(ϕ) may reduce to {0}. Also, when dealing with an * -homomorphism Φ, it may well happen that π ϕ is nontrivial, while π ϕΦ is trivial. This unpleasant situation cannot occur when ϕ is a biweight, since in this case λ ϕ (B(ϕ)) is dense in Ᏼ ϕ . If Φ is an * -homomorphism and ϕ is a biweight on A 1 , then ϕ Φ is certainly representable, but the corresponding representation may again be trivial. For these reasons, we look in the next subsection for conditions that guarantee that ϕ Φ is a biweight on A 1 .
3.2.
* -Homomorphisms preserving biweights. We begin with the simplest possible situation.
Let A be a partial * -algebra and B an * -subalgebra of A. This means that x, y ∈ B and (x, y) ∈ Γ imply xy ∈ B. The identity map i B : B → A is an * -homomorphism. If ϕ is a representable form on A, then we can construct, as before, the representable form ϕ iB , which we simply denote by ϕ B . Clearly, ϕ B can be viewed as the restriction of ϕ to B. Let ϕ be a biweight on A with domain Ᏸ(ϕ) and core B(ϕ). In this case, 
, the partial product of α f and β f being defined if and only if αβ = 0. We have
Our first goal is to determine some conditions under which Definition 3.1(v) is satisfied. Since there is no need to suppose that B is a partial * -subalgebra of A, we will simply assume that B is a subspace of A. It is worth remarking that any * -invariant subspace B of A has always a natural structure of partial * -algebra: if x, y ∈ B, then (x, y) ∈ Γ B ⇔ (x, y) ∈ Γ and xy ∈ B. Nevertheless, B is not necessarily a partial * -subalgebra of A. Let ϕ be a biweight on A with domain Ᏸ(ϕ) and core B(ϕ) and B a subspace of A. We define Ᏸ(ϕ B ) and B(ϕ B ) as in (3.18). We also put
(3.21)
The set N ϕB is a vector subspace of Ᏸ(ϕ B ), and Ᏸ(ϕ B )/N ϕB is a pre-Hilbert space with respect to the inner product
Let us consider the following map:
This map is well defined and injective. Indeed,
Clearly, I B is linear and, moreover, is isometric too. Indeed,
Thus it extends to an isometric operator I B from Ᏼ ϕB into Ᏼ ϕ , where Ᏼ ϕB and Ᏼ ϕ denote the Hilbert space completions of λ ϕB (Ᏸ(ϕ B )) and λ ϕ (Ᏸ(ϕ)), respectively. It follows that I B Ᏼ ϕB is a closed subspace of Ᏼ ϕ . Let P be the projection from Ᏼ ϕ onto I B Ᏼ ϕB . Since ϕ is a biweight, it follows that Pλ ϕ (B(ϕ)) is dense in PᏴ ϕ = I B Ᏼ ϕB . We notice that we have, in general,
Proposition 3.9. The following statements are equivalent:
In the special case where B(ϕ) ⊆ B, it follows that B(ϕ) = B(ϕ B ). In this case the restriction of I B to λ ϕB (B(ϕ B )) is one-to-one; therefore, the density of λ ϕ (B(ϕ)) in Ᏼ ϕ implies the density of λ ϕB (B(ϕ B )) in Ᏼ ϕB . 
The application of the previous result gives the known result that ϕ restricted to L q (I) is again a biweight.
Example 3.8 shows that, in general, if A 1 , A 2 are partial * -algebras, ϕ is a biweight on A 2 with domain Ᏸ(ϕ) and core B(ϕ), and Φ is an * -homomorphism of A 1 into A 2 , then ϕ Φ is not necessarily a biweight on A 1 . We give some additional examples in this direction. They all exhibit a common feature: the corresponding precore B(ϕ Φ ) is too small to allow a significant representation. ,1) , we define the following vector space: 
We have
The completion of D(ϕ) = A f with respect to the inner product ϕ(g 1 ,g 2 ) is Ᏼ ϕ = {g ∈ L 2 (0,1) : 
. We can define the subspace
It follows that ᏹ X is a partial O * -algebra, with partial multiplication
where
let us consider the positive sesquilinear form
The null space of ω ξ is given by
If ξ is not an eigenvector of X, it follows that N ω ξ = {0}. Since the completion of ᏹ X with respect to the inner product ω ξ (Y 1 ,Y 2 ) is ᏹ X too, and B(ω ξ ) ⊂ Rᏹ X , it follows that ω ξ is not a biweight. Now we consider the identity map
It is known that ω ξ is a biweight in ᏸ † (Ᏸ,Ᏼ) for all ξ ∈ Ᏼ (see also Example 5.3). Furthermore, the identity map is a faithful
The following proposition shows that, under certain conditions, biweights can be pulled back from one partial * -algebra to another one by an * -homomorphism. Proof. We already know from Proposition 3.7 that B(ϕ Φ ) is a precore. We consider once more the isometric map Φ introduced in the proof of that proposition. Since, by definition, Φ(λ ϕΦ (B(ϕ Φ ))) = λ ϕ (Φ(B(ϕ Φ )) ), the density of λ ϕ (Φ(B(ϕ Φ ))) in Ᏼ ϕ implies the density of λ ϕ (Φ(B(ϕ Φ ))) in Ᏼ ϕΦ . If Φ is surjective, then Φ is unitary and the converse implication also holds.
Remark 3.14. If Φ : A 1 → A 2 is an * -homomorphism and ϕ is a biweight on A 2 , then Φ(A 1 ) is a vector subspace (but not necessarily a partial * -subalgebra of A 2 ). We may consider, as before, the restriction of ϕ to Φ(A 1 ), denoted as ϕ Φ(A1) . Then,
We define the map 
The * -homomorphism Φ is said to preserve biweights if, for any biweight ϕ on A 2 and for any core B(ϕ) for ϕ, Φ(B(ϕ Φ )) is a core for ϕ.
Moreover, Φ is said to strictly preserve biweights if, for any biweight ϕ and for any core B(ϕ), the equality Φ(B(ϕ Φ )) = B(ϕ) holds.
Assume now that Φ is an * -isomorphism of A 1 → A 2 and ϕ a biweight on A 2 with domain Ᏸ(ϕ) and core B(ϕ).
As before, we put Ᏸ(ϕ Φ ) = {a ∈ A 1 : Φ(a) ∈ Ᏸ(ϕ)}. We consider the following set:
It follows that the product Φ(a)Φ(x) is well defined for all a ∈ A 1 . Since Φ
−1
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) is well defined, so ax is well defined for all a ∈ A 1 , and x ∈ RA 1 . Hence, x ∈ B(ϕ Φ ). The equality just proven is equivalent to Φ(B(ϕ Φ )) = B(ϕ). Therefore, we have proved the following. 
Topological considerations
As shown in [10] , biweights having a common core may be used to define certain unbounded C * -seminorms on partial * -algebras, in the sense of [4] . Unbounded C * -seminorms play a relevant role in the theory, since they often provide precious information on the structure of the partial * -algebra and on its * -representations. This is true a fortiori when the partial * -algebra is endowed with some locally convex topology. The interplay between unbounded C * -seminorms and the original topology can be useful when looking for continuity properties of * -homomorphisms or * -representations. This is the subject of this section. For simplicity, we limit ourselves to the case of norm topologies.
Let A be a partial * -algebra. We denote by BW(A) the set of all biweights of A. Moreover, if B is a subspace of RA, following [10] , we call BW(A;B) the subset of all ϕ ∈ BW(A) having B as core.
If B is a subspace of RA, we put Moreover,
Then (see also [10] 
, and ba is well defined, then ba ∈ N(p B ). We prove the following. BW(A,B) .
Proof. Since ϕ denote, respectively, the GNS representations for ϕ with cores B and B 0 , then we have π
This, in turn, implies that Ᏸ(p B0 ) ⊆ Ᏸ(p B ) and
This proves (i).
As for (ii), if a ∈ Ᏸ(p B ), we have, taking into account (4.5),
Let now A 1 , A 2 be partial * -algebras and Φ : A 1 → A 2 an * -homomorphism preserving biweights. Let B 2 be a subspace of RA 2 and
Then, by Proposition 3.13, B 1 is a core for all biweights ϕ Φ , with ϕ ∈ BW(A 2 ;B 2 ). Moreover, Φ(B 1 ) is a core for ϕ 2 .
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Proof. Making use of Lemma 4.1(ii) and of the fact that Φ(B 1 ) is a core for ϕ 2 , for every ϕ 2 ∈ BW(A 2 ;B 2 ), we have
(4.10) Proposition 4.2 has an obvious counterpart for * -algebras. In that case, the seminorms to consider are those constructed by Yood [11] using families of positive linear functionals and it holds, of course, for arbitrary * -homomorphisms Φ. It is worth noticing that, in the case of C * -algebras, the analogue of (4.9) implies the continuity of Φ. Here, however, we need additional assumptions in order to obtain similar results.
Let now A be a normed partial * -algebra with norm · and B a subspace of RA (for shortness, we write, from now on, B RA).
Let ϕ ∈ BW(A,B), then, following [10] , we say that ϕ has a · -continuous B-orbit if
The set of all these biweights is denoted by CO(B). We define
We denote by q B the C * -seminorm
The following statements hold:
(ii) for every ϕ ∈ CO e (B), one has
Proof. Both statements come directly from the definitions. ϕ(ax,x) , a ∈ A. Then ω x is a positive linear functional on A and hence one has
(4.16) Therefore, Remark 4.5. Let A 1 , A 2 be Banach partial * -algebras and let Φ : A 1 → A 2 be a continuous * -homomorphism. Then, even in this case, we cannot be sure that for a given biweight ϕ on A 2 , with domain Ᏸ(ϕ) and core B(ϕ), the corresponding form ϕ Φ is a biweight on A 1 . Indeed, let f ∈ L 2 (0,1), and consider the following space: 
which is a biweight with largest core given by L ∞ (0,1) and Φ is the identity map of A f into L 2 (0,1), which is trivially a continuous * -homomorphism of A f into L 2 (0,1).
Let A 1 and A 2 be Banach partial * -algebras, and Φ : A 1 → A 2 a continuous * -homomorphism, hence Φ(a) A2 ≤ Φ a A1 for all a ∈ A 1 . Assume that Φ preserves biweights.
We have the following.
Proposition 4.6. Let B be a subspace of RA 2 and put
, then there exists γ > 0 such that γϕ Φ ∈ CO e (B Φ ).
Proof. Let ϕ ∈ CO(B). Then, we have
The next question we want to consider is the following: under which conditions is an * -homomorphism continuous from
We begin with the case where Φ is an * -isomorphism. Then, as already proven, for every core B(ϕ) for ϕ, one has Φ(B(ϕ Φ )) = B(ϕ). Now let B RA 2 and consider the family of biweights CO e (B). Then, for every a,b ∈ A 1 and for every x ∈ B 1 := {x ∈ RA 1 : Φ(x) ∈ B}, we have
Thus, in general, ϕ Φ need not be an element of CO e (B 1 ). But, according to Proposition 4.6, this is a necessary condition for continuity. The same discussion as above applies to the case where Φ is an * -homomorphism strictly preserving biweights. As for the continuity of an * -homomorphism, we can now state the following preliminary result. 
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